We present a numerical method based on genetic algorithm combined with a fictitious domain method for a shape optimization problem governed by an elliptic equation with Dirichlet boundary condition. The technique of the immersed boundary method is incorporated into the framework of the fictitious domain method for solving the state equations. Contrary to the conventional methods, our method does not make use of the finite element discretization with obstacle fitted meshes. It conduces to overcoming difficulties arising from re-meshing operations in the optimization process. The method can lead to a reduction in computational effort and is easily programmable. It is applied to a shape reconstruction problem in the airfoil design. Numerical experiments demonstrate the efficiency of the proposed approach.
Introduction
The aim of shape optimization is to find a shape Ω such that the structure represented by Ω behaves in an appropriate way. Usually this goal is realized by the minimization of a suitable cost functional J over an admissible family  of domains, in which all possible candidates are included. Schematically, shape optimization problem can be expressed as follows:
where ( ) u Ω is the solution of a state equation. In this paper, the state equation is formulated by an elliptic equation with Dirichlet boundary condition. Shape optimization problems have been extensively studied from the mathematical point of view [1] . Our paper deals with their practical aspects. The practical shape optimization problem in this paper is a reconstruction problem, in which the target is to find the shape of airfoil when the pressure distribution on it is given.
Our optimization is performed by using genetic algorithm (GA) [2] [3] . GA is very popular at present for its simplicity and ability to handle large scale problems. It is a global optimization method, and can be used to solve non-smooth optimization problems. Because GA is based on cost functional evaluations. The state equations need to be repeatedly solved on different domain changing during shape optimization computations.
The numerical solution of partial differential equations describing the fluid flow is usually done by performing spatial and temporal discretization. The spatial representation must take into account for the boundaries of the computational domain and then make use of a discrete representation via meshing. Solving the flow around objects with complex shapes may involve extensive meshing work that has to be repeated each time a change in the geometry is needed. Important benefit would be reached if we are able to solve the flow without the need of generating a mesh that fits the shape of the immersed objects. We use the Lagrange multiplier-based fictitious domain method [4] [5] for solving the state equation in the shape optimization problem. The fictitious domain method based approach in the shape optimization problem can be found in [6] [7] . Furthermore in order to avoid costly and sometimes extremely difficult meshing work on body-fitted geometries, we incorporate the technique of the IB method into the framework of the fictitious domain method.
The IB method was initially introduced by Peskin [8] [9] for finite differences Lagrangian mesh is independent of the Eulerian mesh. The interaction between the fluid and the immersed boundary is modeled by using a well-chosen discrete approximation to the Dirac delta function.
In our approach, all domains Ω ∈ are embedded into a fictitious domain Ω with a simple shape (e.g. a box). It is easy to construct a triangularization of such a domain. The triangularization is fixed, i.e., it does not change during an optimization computation. All computations for solving the state problem are performed in Ω with the same stiffness matrix, which also does not change and consequently can be computed and stored for ever. The method has the advantage of avoiding the need for re-meshing procedures in the optimization process. The necessary information on the geometry is encoded in an additional variable, contributing only to the right hand side of the state equations. We show that the resulting model can be very efficient for optimization computations.
Numerical experiments demonstrate the efficiency of the proposed approach.
The paper is organized as follows. In Section 2, the state equation is presented by an elliptic equation with Dirichlet boundary condition. We describe its algorithm based on boundary Lagrangian fictitious domain method. We incorporate the technique of the immersed boundary method into the framework of the fictitious domain method. In Section 3, we consider the airfoil design for the twodimension incompressible inviscid uniform flows. We describe the mathematical formulation of a shape optimization problem. In Section 4, we do numerical experiments to show that our proposed method is feasible and effective for solving the shape optimization problem.
Fictitious Domain Based Approach
On a domain 
where domain Ω is the exterior of an obstacle B with boundary r γ (see Figure   1 ), r γ ∂Ω = Γ ∪ , and Γ is the boundary of a rectangle. The r γ is defined by the design variable r , r U ∈ , where U is the set of admissible design parameters.
We require that the set U is compact. Coefficient , 0 ρ ν ≥ , ( )
γ is sometimes denoted by γ .
Since the solution ( ) u x , x ∈Ω , dependents on parameter r , it is also denoted by ( ) According to the boundary Lagrangian fictitious domain method [5] , the Dirichlet boundary condition on γ is enforced by using Lagrangian multiplier on the boundary. We can consider the problem in the extended rectangular domain (1) is equivalent to the following variational problem:
where
. The u and f are the extensions of u and f in Ω , respectively, and
The problem (2)- (3) can be solved by GCG iterative method. We describe the algorithm presented by [13] as follows:
Algorithm 0:
Step 0: Initialization.
• Set initial Lagrangian multipliers:
and a number 0 ε ≥ small enough for the convergence criterion.
To obtain Step 1: Find descent direction.
• Find the new solution by 
Step 2: Construct convergence criterion and update descent direction. 
Using the above Dirac delta function we can transfer the weak forms of the partial differential equations (4) and (5) to the strong forms and then solve them by Fast Poisson Solvers such as the fast Fourier transform or cyclic reduction. In mathematical view, we need the following Lemma (see [14] ). Lemma 1. Assume that the simple closed cure γ , the configuration of which is given in a parametric form
is a distribution function belonging to 1 ( ) H − Ω defined as follows: for all
By Lemma 1, we can write the right hand in (5) as following form:
That is, n ω calculated over the Lagrangian points are distributed over the Eulerian points by (7). Thus we can write (5) in the strong form below:
In the same way, (4) also can be written in the strong form below:
where ( )
Note that (8) and (9) (8) . We use the following formula due to the property of ( ) δ ⋅ (see [10] ),
The discrete form of (7) is
The discrete form of (10) is
The discrete form of (11) is
Based on the above analysis, we have the discrete algorithm of GCG for solving (2)- (3) as follows:
Algorithm 1:
1) Distributed
0 λ over the Lagrangian points to the Eulerian points by (13) .
2) Calculate (9) 
To obtain Step 1: Find descent direction. .
Step 2: Construct convergence criterion and update descent direction. For given 0 ε ≥ small enough, if
, then take 
Set 1 n n = + and return to Step 1.
It can be seen from steps 4, 5, and 6 in Step 1 that the calculations are done over the Lagrangian points and we need solve (8) only for n u  over the neighboring Eulerian points of the boundary γ when we use FFT. Thus the above approach can lead to a significant reduction in computational effort and memory requirement. It need not make use of the finite element discretizations. The main advantage of the proposed method is that in the optimization process Eulerian mesh on Ω is fixed unlike in many of the other approaches such as obstacle fitted meshes and solution procedure is often efficient. The proposed method has a simple structure and is easily programmable.
Shape Optimization Problem
Our shape optimization problem is a shape reconstruction problem. We consider the airfoil design for the two-dimension incompressible inviscid uniform flows. We want to find the shape of an airfoil 0 γ when the pressure coefficient For given γ corresponding design parameters r, pressure coefficient distribution on γ is:
where U is the set of admissible design parameters. We require that U is compact and U ∈ r , where the design parameter r corresponds the boundary γ .
Numerical Experiments
First we do numerical experiments to demonstrate the efficiency of the algorithm in section 2. We use the Algorithm 1 to solve station Equation (16) which simulate the two-dimension incompressible inviscid uniform flows around an arbitrary given airfoil B. Next we solve the reconstruction problem (18). We take the NACA0012 airfoil as 0 γ . As we stated in section 3, the shape of airfoil γ is discretized using one Bezier curve for upper part of airfoil and another Bezier curve for lower part. Since the airfoil is symmetric during the optimization, we can take seven design variables in the optimization process. In order to keep the design acceptable, we have added box constrains for design variables. Hence, there is a lower limit and upper limit for all variables. We require that they satisfy the constraints 0. domains which are possible to obtain by using this parametrization and constraints.
We run genetic algorithm (GA) to find seven design variables 0 r in (18). The major structure of this GA (see for example [6] ) is as follows: 1) Evaluation of 
Conclusion
The results of numerical experiments show that our proposed method is feasible and effective for the optimal shape design problem.
